INTRODUCTION
Let F denote the free group of rank n, freely generated by f , f , . . . , f , n 1 2 n and let M s F rF Y , the free metabelian group of rank n. We say that n n n g g F is a primiti¨e element of F if there exist g , . . . , g g F such that n n 2 n n ² : g, g , . . . , g s F . Similarly, we say that m g M is a primitive element Before we can state our results, we need to introduce some notation. Throughout we write operators on the right. For any group G and all g y1 w x y1 y1
f, g g G we write f for g fg and f, g for f g fg. For each commu-Ž . tative ring R and integer n G 1, we let GL R denote the general linear n Ž . group of degree n with entries in R. We let SL R denote the corren Ž .
Ž . sponding special linear group and E R denote the subgroup of SL R n n Ž . that is generated by the elementary matrices in SL R . Here, as usual, we
We believe that Theorems A and B and, particularly, their proofs, do Ž w " 1 " 1 x. much to elucidate the relationship between SL ‫ޚ‬ a , b and Aut M . 2 3 To exploit Theorem B we need to have some elements of is possible that such ele-2  2 ments are known, but we have been unable to locate any in the literature. w x Ž w " 1 " 1 x. However, Bachmuth and Mochizuki 2 have shown that SL ‫ޚ‬ a , b 2 Ž w " 1 " 1 x. cannot be generated by E ‫ޚ‬ a , b together with finitely many more
, and so such elements are commonplace. 2 Our next result gives a fairly general recipe for constructing elements
. There is one point that needs to 2 2 w " 1 " 1 x w " 1 x be made here. Let : ‫ޚ‬ a , b ª ‫ޚ‬ b be the ‫-ޚ‬algebra homomorphism such that a s 1 and b s b, and let us also write for the group
of the matrices M constructed below has the property that M g
. Thus the following result appears to have no bearing on the
and P a , b as subrings of P a , b in the natural way. w " 1 x Here P a , b denotes the polynomial ring with indeterminate b and w " 1 x coefficients in P a . Recall that if P is a principal ideal domain then
is a unique factorization domain, and it is therefore meaningful to w " 1 x say that two non-zero elements of P a are coprime if they have no common prime divisors.
THEOREM C. Let P be a principal ideal domain that is not a field and let
w " 1 x / 0 be a non-unit of P. Let , g P a , b be such that
w " 1 x a , a , . . . , a g P a , where a / 0 and n G 0,
Ž . 2 and a are coprime, and,
w x Our proof of Theorem C is modeled on that of the main result of 2 , w x which itself owes much to an idea of P. M. Cohn 6 .
For matrices M of the kind given in Theorem C, we have been able to find g Aut M such that z s p , where p is the non-induced primi-
tive element of M given in Theorem B. 
for all g g ‫ޚ‬ F and i s 1, 2, 3. We write ѨrѨ x,
ѨrѨ y, and ѨrѨ z for the derivatives ‫ޚ‬ M ª ⌳ induced by ѨrѨ f , ѨrѨ f , by the natural map : M¸A and g g F is any preimage of m under 3 3 3 . It is well known that Ѩ mrѨ x is well defined. The derivatives ѨrѨ y and ѨrѨ z are defined analogously.
y1
Observe that ⌳ admits a ‫-ޚ‬algebra automorphism , where a s a , same as 15, 2.4 , but note that in 15 the symbol f denotes gfg , whereas our convention is that f g s g y1 fg.
X c LEMMA 1. Let g g M and c g ⌳ . Then Ѩ g rѨ w s c Ѩ grѨ w for w s 3 3 x, y, z.
Let R again denote a commutative ring and let R n denote the free Ž .
n R-module of rank n. We say that r , r , . . . , r g R is a unimodular
q иии qr s s 1. Our next lemma is due to Roman'kov.
n n w x LEMMA 2 15, Theorem B . An element p of M is a primiti¨e element of 3 
M if and only if
is a unimodular element of ⌳ 3 .
3
A generating n-¨ector of a group G is an ordered n-tuple v s
Furthermore, for each g Aut F , we may now define a new vector
show that this defines an action of Aut F on V G, n . We direct the n w x reader to 7, Sect. 1 for more details. This idea dates back to a paper by B.
w x H. Neumann and H. Neumann 13 . 
Ž .
Note that, according to the notation introduced above, F is a free 2 factor of F and so we may view Aut F as a subgroup of Aut F in a 3 2 3 natural way. For any group G, there exists a natural map ⌫: Aut G ª Aut GrGЈ given by gGЈ ⌫ s g GЈ for all gGЈ g GrGЈ and g Aut G. We say that is an IA-automorphism of G if lies in the kernel of ⌫ and denote the group of all IA-automorphisms of G by I Aut G. Ž . such that u s u ,¨, 1 for some u ,¨g M .
We also see that fF , gF g . Ž w Ž .x . Aut F is transitive on V A , 2 . This also follows easily from 14, 41.22 . 2 2
Therefore, on replacing with if necessary, we may assume that 1  1 3 1  2  2 3 2  3  3 3 where e , e , e g F X and l , l , ⑀ are integers. Moreover, since
is a basis of F , we see that ⑀ s "1.
Let Ž . Ž .
2
Ž . Ž . We refer to 3 and 4 as Bachmuth's criterion for M and M , 3 2 respectively. Calculation with elements of M is greatly facilitated by the formal
which are valid for all g, h g A and S, T g ⌳ 3 .
Bachmuth 
We refer to ⍀ as the Bachmuth representation of I Aut M . 3 In the proof of Theorem D we use this representation to prove that a certain homomorphism M ª M is in fact an automorphism. To explain 3 3 this application of the Bachmuth representation let us suppose that : Ž . M ª M is a homomorphism not necessarily an automorphism and that 3 3 Ž . x , y , z are as given at 7 . Since x , y , z g M it follows easily from 3 Ž .
Ž . Ž . 3 that satisfies 8 . Consequently, is an automorphism if and only
THE PROOFS OF THE MAIN RESULTS
X w x We begin by observing that M is the normal closure of x, y in M . In 2 2 terms of the Magnus representation of M this means that Ž .
, and so 1 q ␣ a y 1 q ␣ b for some g ⌳ . It is easy to see that M X is the normal closure of . Ž . Ž . y 1 y a y 1 together with . We write U w for the unimodular 2 3 Ž .
2
Ž . vector , g ⌳ . Thus the first and second entries of U w are the 3 2 Ž . w x coefficients of s in the 2, 1 -entries of w , w and w , respectively. We Ž . proceed to investigate U w where g I Aut F . Here w denotes the 3 
Ž
. image of w under the action of Aut F on V M , 3 that we introduced in 3 2 Section 2.
Ž w x . It is well known see, for instance, 11, Sect. 3.6, Theorem N4 that I Aut F is generated by the following automorphisms K and K where
Suppose now that : F¸M is the epimorphism such that f s w 2  3  123  1 123  2 123  3 123  1 3  2  2  3 Ž w x . s w w , w , w , w . Now Ž . we see that for each i, j, k, there exists a matrix G g GE ⌳ such that
It follows easily from the preceding argument that, for each g I Aut F ,
Suppose for a contradiction that ker contains a primitive element of Ž . w x F and let w s f , f , f . It follows from 7, Lemma 1.5 that there Ž . exists g Aut F such that w s u,¨, 1 for some u,¨g M . Moreover, 3 2 Ž . since w g V * M , 3 , Lemma 3 shows that we may assume that g 2 Ž .
Ž .
w " 1 " 1 x for some , g ‫ޚ‬ a , b . Since the determinant of AE is 1, we see 3 4 that s y1 , a unit of ⌳ . Therefore
Ž . 
Ž .
A 2 and y1 y1
Ž . Ž . proven part 1 of the theorem.
Throughout the remainder of the proof we assume that A f
. We define a homomorphism *: M ª M by setting the epimorphism referred to in Theorem A and : F¸M is the natural 3 3 map. Evidently this implies that * is an epimorphism. It is not difficult to verify, by direct calculation, that p g ker *. Suppose now that p is an 
, and let A s SL F a , b , a subgroup of 2 2 Ž w " 1 " 1 x.
2 r
the g are alternately in A _ U and B _ U, then r s 3, g , g g A _ U, and 
Let f g P a , b and let t be a positive integer such that b f g w " 1 x P a , b . Since
and our claim is proven.
To complete the proof of the theorem we suppose, for a contradiction,
F G, it follows easily that we can write M s g g иии g w " 1 x Let : P a ª P be the ring homomorphism given by a s 1 and q s q for all q g P and note that a y 1 is in the kernel of . On Ž . applying to Eq. 10 and recalling that a y 1 divides n , we see that 0 l . p s 1. Moreover, since divides p , it is clear that divides p .
We deduce that is a unit of P. This contradiction completes the proof. where the rows of M have been formed from the coefficients of t , t , and 1 2 t in x , y , and z , respectively. Now M has determinant Ž . I Aut M ª GL ⌳ that we discussed at the end of Section 2, we see that 3 3 3 is an automorphism of M . That z is a non-induced primitive element 3 Ž . of M follows immediately from Theorem B 2 since z s p . Note that 3 A Ž . Ž . we have now proven parts 1 and 3 of the theorem.
Ž .
Ž . To prove part 2 of the theorem, we first calculate that the 2, 1 -entries of x , y , and z are t , where the rows of N have been formed from the coefficients of t , t , and 1 2 t in x , y , and z , respectively. We invite the reader to verify that 3 N s M y1 . As an aid to calculation we recall that the matrix in the Ž Ž .. statement of this theorem has determinant 1 and so 1 q ␣ a y 1 ␦ y Ž . ␤␥ a y 1 s 1. It now follows easily from the discussion at the end of Section 2 that s y1 . The proof is complete.
